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I n  many d e c e n t r a l i z e d  o r g a n i z a t i o n s ,  r e s o u r c e  
p l ann ing  wi th  sequen t i a l  dec i s ion  mak ing  can b e  formu- 
l a t e d  as a mul t i - l eve l  (h i e ra rch ica l )  p rog raming  p ro -  
blem. In   such   p rob lems ,   t he   dec i s ion   va r i ab le s  are 
p a r t i t i o n e d  among t h e  d e c i s i o n  makers  and  each  of  them 
o p t i m i z e s   h i s  own ob jec t ive   func t ion .   Fo r   example ,  
the  h igh  leve l  dec is ion  maker  concerns  wi th  minimum 
po l lu t ion  and  the  low leve l  dec is ion  maker  concerns  
wi th  maximum s y s t e m  r e l i a b i l i t y .  
The multi-level  programming is pa r t i cu la r ly  appro -  
e61 : 
riate f o r  t h e  p r o b l e m s  w i t h  f o l l m i n g  c h a r a c t e r i s t i c s  
1. There exist i n t e r a c t i n g  d e c i s i o n  making u n i t s  
2 .  Each subord ina te   l eve l   execu te s  i t s  p o l i c i e s  
3. Each dec is ion   making   un i t   op t imizes  i t s  own 
w i t h i n  a p r e d o m i n a n t l y  h i e r a r c h i c a l  s t r u c t u r e .  
a f t e r ,  and i n  view o f ,  t h e  d e c i s i o n s  o f  s u p e r i o r  l e v e l s .  
f u n c t i o n  i n d e p e n d e n t l y  o f  o t h e r  units, bu t  i s  a f f e c t e d  
by t h e  a c t i o n  o f  o t h e r  u n i t s  as an e x t e r n a l i t y .  
4 .  The e x t e r n a l  e f f e c t  on a decis ion maker 's  problem 
i s  r e f l e c t e d  i n  b o t h  h i s  o b j e c t i v e  f u n c t i o n  and h i s  s e t  
o f  f e a s i b l e  d e c i s i o n s .  
Several   mult i - level   programming  roblems  and  their  
s o l u t i o n  methods have been presented f2,3,5,6,7,8,11,12]  
However, o n l y   l i n e a r   o b j e c t i v e   f u n c t i o n s   a r e   c o n s i d e r e d  
i n   t h e s e   p r o b l e m s .   I n   t h i s   p a p e r ,  we p resen t  a mul t i -  
level   nonl inear   integer   programming  problem  and i t s  
s o l u t i o n  method. The s o l u t i o n  method i s  based on 
p a r a m e t r i c  a n a l y s i s  p r e s e n t e d  i n  [ 101. 
The p rob lem to  be  cons ide red  i s  g iven  as follows. 
Problem MP: 
maximize C F . ( x . ) +  C G (y.)  where Y s o l v e s  (1) 
"1 "2 
X j=1 3 J j=1  j J 
n, n. 
X E DX, and Y E 4 
where D = {(xl,?, . . . ,xn ) 1 0 2 x j ~ u j ,  x j  i n t e g e r ,  (1) 
X 1 
Il j  Ln 2 
I+ = I ( Y ~ , Y ~ . . . . , Y ,  ) I o - - ~ L u ~ ,  (2) y j   i n t e g e r ,  
2 
l d l n z  1 .  
Let DXxy = DXXDy. We assume t h a t ,   f o r   e a c h  i and 
11 3 1 3  J j j '  
j , h .  . (x .  ) and %. . (y . ) are nondecreasing in x and y 
r e s p e c t i v e l y .  
SOLUTION METHOD 
I n  t h i s  s e c t i o n ,  we w i l l  p r e sen t  a solutionmethod 
for  problem MP. 
Nota t ions  : 
1. 
2. 
3 .  
4. 
5. 
6. 
where (xl ,x  2 , . . . ,xn . Y ~ . Y ~ , . . . , Y ~ ~ )  E DXxy? 
1 
S o l u t i o n  mace o f  h igh  l eve l  dec i s ion  maker :  
where  (x1,x2 ,..., x 
So lu t ion  space  o f  low l eve l  dec i s ion  maker :  
nl E DX and (y,,y, ,..., yn2) E Dy} 
i = 1 , 2 , .  .. ,m and (yl,y2,.  . . ,yn2)~DY},   where  
x E DX. 
For  each X E P ,  l e t  Y(X) d e n o t e  t h e  s e t  of op t imal  
s o l u t i o n s  t o  i n s i d e  p r o b l e m  
n, 
max { c g .  ( y . )  I (y1,y2,. . . ,y E S(X)  I 
MP i f  X E P and Y E Y(X). 
A p o i n t  (X,Y) i s  s a i d  t o  b e  a f e a s i b l e  s o l u t i o n  t o  
A po in t  (X",Y*) i s  s a i d  t o  b e  a n  o p t i m a l  s o l u t i o n  
t o  ?lP i f   ( a )  (X*,Y*) i s  f e a s i b l e ;  (b)  f o r  any 
--,! 
j=1  J J "2 
f e a s i b l e  s o l u t i o n  (X.Y) E S .  
We cons t ruc t  a r eg ion  R ,  bounded by bi- C l h . .  (2;) 2nd 
" 1  j = l  1 3  i 
i = l , 2 , .  . . ,m} 
We thus  def ine  a r e l a x a t i o n  s e t  YR o f  J - ? ( X ) ,  
.~.?. 
CH2344-0/86/0000-1846 $1.00 @ 1986 IEEE 1846 
( u Y(x)gY,). Y c o n s i s t s   o f   a l l   o p t i m a l   s o l u t i o n s  
of  the fol lowing parametr ic  programming problem. 
XEP 
R 
Problem RP1 
maximize Z g  (y ) 
"2 
j= l  j  
nq 
s u b j e c t  t o  C h  . (y  ) 5 X i ,  i = 1 , 2 , .  . . , m  L, 
j=1 i J  j 
(x, ,x, , .  .. ,am) E R 
(Y1,Y2,"',Yn ) E Dy* 
2 
Problem RP1 can  be  so lved  by the  Algor i thm presented  
i n  [lo] and thus Y R  i s  i d e n t i f i e d .  
For  each Y E Y R  , we so lve  the  fo l lowing  p rob lem.  
Problem RP2 
maxmize G F  (x  ) 
"1 
j  j 
n l   nq  
s u b j e c t   t o  CAh  (x.)Lbi- Z h .   (y  1, i = 1 , 2 , .  . . , m  (7)  
c 
j=1 i j  3 jEl 1 3  j 
The problem RP2 can  a l so  be  so lved  by the  Algor i thm 
p r e s e n t e d  i n  [lo]. We d e n o t e  t h e  set  Q(Y,) as t h e  set 
o f  o p t i m a l  s o l u t i o n s  f o r  PR2 and 
s = ~ ( X 1 , x y . * - , X  'Y1,Y* ,..., Y 1 I(X1'X2 ,..., x ) E  
"1 "2 "1 
Q(yR) ,  y  E y R l  
In problem RP2, (7 )  can  be  used  to  sc reen  ou t  i n feas i -  
b l e  po in t  t h roughou t  Y E Y R  and Y (X) 2 YR. We then  
i d e n t i f y  f e a s i b l e  s o l u t i o n s  (X,Y)ES f o r  Mp, where XEP 
and YEY(X). F i n a l l y ,  we may f i n d  t h e  o p t i m a l  s o l u t i o n  
(X*,Y*)ES, s u c h   t h a t  
f o r  any (X , Y  ) E . 
NUMERICAL EXAMPLE 
A r e l i a b i l i t y  o p t i m i z a t i o n  p r o b l e m  i s  g iven  as 
fo l lows .  
Maximize Z =3x +6x  +2x  +4x  +9x where  (x  x x ) so lves  1 1 2 3 4 5  3' 4'  5 
(X1,X2) 
X.  X" 
maximize Z2= (1- (1-0.90) I) (1- (1-0.875) ') 
('3'x4yx5)  (1-(1-0.790) ) (1-(1-0.8) ) 
(1-(1-0.930) ) 
x3 x4 
x5 
s u b j e c t  t o  5 x  +4x  +9x3+7x4+7x < 64 1 2  5 -  
6x  +7x +8x +9x4+6x5 5 76 1 2 3  
1 ( X 1 2 3  
1 5 x 2 5 3  
1 L X 3 Z 5  
l ( X 4 1 5  
1 z x  < 5  5 -  
xi i n t e g e r ,  i = 1 , 2 , .  . . ,5 .  
The o p t i m a l  s o l u t i o n  i s  
'x;,x;,xf,x;,x;' = (2 ,   3 ,  1, 2 ,   2 )  
and t h e  optimum va lue  i s  Z*  = 61. 
TABLE 1. Compute Z1 f o r  each X E S  
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